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We consider the minimal seesaw model in which two gauge singlet right handed neutrinos with
opposite lepton numbers are added to the Standard Model. In this model, the smallness of the
neutrino mass is explained by the tiny lepton number violating coupling between one of the singlets
with the standard left-handed neutrinos. This allows one to have the right handed neutrino mass
at the TeV scale as well as appreciable mixing between the light and heavy states. This model is
fully reconstructible in terms of the neutrino oscillation parameters apart from the overall coupling
strengths. We show that the overall coupling strength yν for the Dirac type coupling between the
left handed neutrino and one of the singlets can be restricted by consideration of the (meta)stability
bounds on the electroweak vacuum. In this scenario the lepton flavor violating decays of charged
leptons can be appreciable which can put further constraint on yν , for right-handed neutrinos at
TeV scale. We discuss the combined constraints on yν for this scenario from the process µ → eγ
and from the consideration of vacuum (meta)stability constraints on the Higgs self coupling. We
also briefly discuss the implications for neutrinoless double beta decay and possible signatures of
the model that can be expected at colliders.
PACS numbers: 14.60.Pq, 14.60.St, 14.80.Bn
I. INTRODUCTION
The ATLAS and CMS collaboration of LHC experiment has reported the observation of a new neutral boson. The
mass of this particle is reported to be [1, 2]
M = 126.0± 0.4± 0.4 GeV (ATLAS); M = 125.3± 0.4± 0.5 GeV (CMS). (1)
This is now known to be the Standard Model Higgs boson which has eluded scientists so far. Further analysis and
data would confirm this and would also explore if there is any hint of new physics beyond the Standard Model.
The Higgs boson is responsible for giving mass to all the fundamental particles. However how neutrinos get their
mass still remains an enigma. The existence of neutrino masses and flavor mixing are already established by the
oscillation experiments. The oscillation of three known neutrinos are characterized by two mass squared differences
with values∼ 10−4 eV2 and∼ 10−3 eV2. There is also a mass bound on the sum-total of the light neutrino masses from
cosmology which has become more stringent after Planck results
∑
mi < 0.23 eV [3]. The mass squared differences
inferred from oscillation data along with the cosmological mass bound indicate that the neutrino masses are much
smaller than the corresponding charged fermion masses.
The most natural mechanism which can explain such small masses is the Seesaw Mechanism [4–9] which postulates
a heavy particle at some high scale determined by the mass of this particle. Usually this scale is M ∼ 1014 GeV to
account for the smallness of the neutrino mass.
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2Since the LHC started operation, a natural question which has been explored in the literature quite extensively
is the possibility of observing signature of seesaw at the LHC. This will require the mass of the heavy particles to
be of the order of TeV scale. For the canonical type-I seesaw mechanism this is difficult and one has to appeal to
cancellations coming from flavor symmetries [10–12]. Another option to relate small neutrino mass to TeV scale
physics is provided by the inverse or linear seesaw models [13–16]. Such models contain additional singlet states.
In these models smallness of neutrino mass can be explained by the small lepton number violation in the couplings
(dimensionless and/or dimensionful) of the singlet fields and the scale of new physics can be at TeV in a natural way.
Such models can have a number of phenomenological consequences. Non-unitary mixing between light and heavy
particles can be large in these models and can be probed at colliders[17–20]. Future neutrino factories may also
be sensitive to non-unitarity [21–23]. Lepton flavor violating processes can be appreciable [24, 25]. The non-unitary
effect can also play a non-trivial role in relating CP violation responsible for leptogenesis with low energy CP violation
[26, 27].
However, assuming the particle observed in CMS and ATLAS is the Higgs Boson and its mass to be as given in
Eq.(1) opens up an avenue for constraining the Dirac Yukawa couplings in seesaw models from the consideration of
stability of the electroweak vacuum [28, 29]. It is well known that because of quantum corrections, the Higgs self-
coupling λ diverges for higher values of Higgs mass and goes to negative for low values of Higgs mass near Planck-scale
(Mpl = 1.2 × 1019 GeV). Assuming no new physics between SM and the Planck scale, Higgs mass was found to be
in the range 126 − 171 GeV for λ(at Mpl) to be in the range [0, π] [30–33]. The upper bound called the “triviality
bound” essentially embodies the perturbativity of the theory. The lower bound known as the “vacuum stability
bound” is obtained from the fact that a negative λ makes the potential unbounded from below and the vacuum would
be unstable. In view of the present experimental mass range of the Higgs boson [1, 2], it is likely that SM vacuum is
metastable [34]. The metastability condition implies that the probability of quantum tunnelling is small so that the
life time of the SM vacuum is greater than the age of the Universe. While this allows λ to assume negative values, it
cannot be too large [35, 36]. This in turn implies the mass range of the Higgs boson as 105− 126 GeV [34, 37, 38].
The presence of new Yukawa couplings in seesaw models modifies the β function of Higgs self-coupling. In the
conventional type-I seesaw model, generation of small neutrino mass requires the mass scale of the singlet to be of
the order of 1014 GeV for Dirac Yukawa Coupling Yν ∼ O(1). It was observed in [28] that the presence of this
extra coupling increases the lower bound of the Higgs mass from vacuum stability constraints, gradually reaching the
perturbativity bound. However as the mass scale of the heavy field is lowered, Yν has to become less in order to get
mν ∼ 0.1 eV and below a certain value of the mass scale the additional contribution does not play any significant
role. Nevertheless, from the point of view of relevance at LHC many models have been considered in the literature
which can give rise to small neutrino masses with a relatively large Yukawa coupling even with the heavy field at the
TeV scale. Hence in such models the effect of the Yukawa term can be significant in the running of λ. Moreover, as
the neutrino Yukawa runs from TeV to Planck scale, the effect can be large [39, 40]. Since the presence of this term
drives λ towards a more negative value, constraints were obtained on the Yukawa coupling strength from conditions
of absolute stability which implies λ(MPl) ≥ 0 [28, 29, 39–41].
In this work we consider the Minimal Linear Seesaw Model (MLSM) which can naturally accommodate TeV scale
singlets. We show that it is possible to constrain the unknown Dirac-Yukawa coupling strength yν in this model from
the considerations of vacuum (meta)stability of the scalar potential. Recently, vacuum stability bounds on the Dirac
Yukawa coupling in TeV scale seesaw model have been obtained in [39, 40]. However, metastability constraints in
the context of seesaw models including the one loop effect of heavy neutrinos towards the effective potential, have
not been studied in the literature so far. In canonical seesaw models one needs to make some assumptions about the
structure of the Dirac type Yukawa matrix Yν and the right handed Majorana mass matrix MR. On the other hand,
for MLSM this is already completely determined in terms of oscillation parameters apart from the overall Yukawa
coupling strengths [42] and hence one need not make any further assumptions on the structure of the mass matrices.
This feature makes it particularly suitable for studying vacuum (meta)stability constraints. Since the heavy singlet
states in this model are at TeV scale, lepton flavor violating decays of charged leptons are not suppressed and from
the bound on the branching ratios of these processes it is possible to constrain yν/MR. We consider the bound on the
3process µ→ eγ and discuss the upper bound obtained on yν together with the constraints from vacuum (meta)stability
as a function of the mass scale MR. We also comment on the implications of this model for neutrinoless double beta
decay and discuss the possible collider signatures.
The plan of the paper is as follows. In the next section we discuss the minimal singlet seesaw mass matrix. Section
III describes the running of the self coupling λ and investigates the stability and metastability of the scalar potential
in the context of SM given the current bounds on the mass of Higgs, top and the strong coupling constant αs. We
also obtain the constraints on the Yukawa coupling strength yν from vacuum (meta)stability in MLSM for known
values of Higgs masses. In section IV we study the phenomenological implications of this model for charged Lepton
Flavor Violation (LFV). In section V we consider neutrinoless double beta decay (0νββ) in this model. In the next
section we comment on possible collider signatures and finally present the conclusions in section VII.
II. SINGLET SEESAW MODELS
The Yukawa part of the most general Lagrangian involving extra singlet states can be written as
− L = NRYν φ˜†lL + SYSφ˜†lL + SMRN cR +
1
2
SµSc +
1
2
NRMNN
c
R + h.c., (2)
where lL = (νx, x)
T
L , x = e, µ, τ . lL, NR and S have lepton number 1, 1,−1, respectively. After spontaneous symmetry
breaking, the φ field acquires a vacuum expectation value (v/
√
2) and Yνv/
√
2 = mD gives rise to the Dirac mass
term while the term Ysv/
√
2 = mS breaks lepton number. In the above Lagrangian lepton number violation stems
from the terms with coefficients Ys, µ and MN and thus the symmetry of the Lagrangian is enhanced (lepton number
becomes an exact symmetry) in the absence of these terms. Therefore, these coefficients can be small in a natural
way (i.e. there is no fine tuning or unnaturalness in keeping these terms to be very small) according to ’t Hooft’s
naturalness criterion.
The neutrino mass matrix in the (νL, N
c
R, S
c) basis can be written as
Mν =

 0 m
T
D m
T
S
mD MN M
T
R
mS MR µ

 . (3)
In the literature many variants of this model have been considered.
Inverse Seesaw
The conventional inverse seesaw models assume the terms mS and MN in Eq. (3) to be zero. The model is lepton
number conserving in the limit µ tending to zero. The minimal inverse seesaw model considered in the literature
[43] consists of 3νL + 2NR + 2S. The model with 3νL + 1NR + 1S is a 5 × 5 matrix with rank 3. Thus there are
two zero eigenvalues of this matrix which is not consistent with low energy phenomenology. The model consisting
of 3νL + 2NR + 1S is a 6 × 6 matrix with rank 5. Thus there is one zero eigenvalue. However, this belongs to the
(NR, S) block and hence this scenario is not considered if one assumes that there are no light singlets. In principle
the Majorana mass term of NR can be included [44, 45], although this does not change the structure of the effective
light neutrino mass matrix at the leading order [46, 47].
Linear Seesaw
In the so called linear seesaw models [14–16] one retains the ν − S term in the Lagrangian through the Yukawa
coupling matrix Ys and makes the µ and the MN term to be zero. In these models lepton number violation stems
from the term containing Ys. In the limit MR >> mD,mS the above mass matrix can be diagonalized using the
seesaw approximation and in the leading order the effective light neutrino mass matrix mlight can be expressed as
mlight = m
T
DMR
−1mS +m
T
SMR
−1mD. (4)
Since this contains only one power of the Dirac mass term it is called linear seesaw.
4One can make an order of magnitude estimate of the various terms to check the conditions required to get mν ∼ 0.1
eV. Assuming typical values mD ∼ 100 GeV (Yukawa coupling strength Yν ∼ O(1), v ∼ 100 GeV) and MR = 1
TeV one needs Ys ∼ 10−11. In the heavy sector we get two degenerate neutrinos of mass ∼ TeV. The minimal model
consists of adding just two singlet states NR and S. The rank of the 3+1+1 mass matrix is 4 corresponding to one
zero mass eigenvalue. The Majorana mass term MN can also be included which would lift the degeneracy between
the heavy states, However, the contribution of this term to the light neutrino mass matrix is sub-dominant [46, 47].
Inverse + Linear Seesaw
It is also possible to keep both the terms ms and µ in the Lagrangian. Then in the limit MR >> mD,mS and in the
leading order the effective light neutrino mass matrix mlight can be expressed as
mlight = −mTD
µ
M2R
mD +m
T
D
1
MR
mS +m
T
S
1
MR
mD. (5)
In this case, forMR ∼ TeV, one needs µ ∼ 10−8 GeV and Ys ∼ 10−11. This hybrid scenario allows one to reconstruct
Yν and the combination Ys − µ2MRYν . Thus reconstruction of YS requires another unknown parameter, µ [42]. In our
subsequent discussion we assume µ to be zero and consider the linear seesaw option.
A. Minimal Linear Seesaw Model
The Minimal Linear Seesaw Model (MLSM) is defined by the mass matrix in Eq. (3) with MN , µ = 0 and just 2
singlet states. Then the entries MR are numbers instead of matrices and the dimension of the full matrix is 5 × 5.
This can be written as,
Mν =
(
0 m′D
T
m′D M
)
, (6)
where m′TD = (m
T
D,m
T
S ). Now defining M as
M =
(
0 MR
MR 0
)
, (7)
the neutrino mass matrix Mν can be diagonalized by a 5 × 5 unitary matrix U0 as
UT0 M
νU0 =M
diag
ν , (8)
where Mdiag = diag(m1,m2,m3,M1,M2) with mass eigenvalues mi (i = 1, 2, 3)) and Mj (j = 1, 2) for light and
heavy neutrinos respectively. Following standard procedure of two-step diagonalization U0 can be expressed as [48]
U0 =W Uν =
( (
1− 12ǫ
)
U m′†D(M
−1)∗UR
−M−1m′DU
(
1− 12ǫ′
)
UR
)
=
(
UL V
S UH
)
, (9)
where W is the matrix which brings the full 5× 5 neutrino matrix, in the block diagonal form
WT
(
0 m′TD
m′D M
)
W =
(
mlight 0
0 mheavy
)
. (10)
Uν = diag(U,UR) diagonalizes the mass matrices in the light and heavy sector appearing in the upper and lower block
of the block diagonal matrix respectively. UL in Eq.(9) corresponds to UPMNS which acquires a non-unitary correction
(1− ǫ/2). The eigenvalues (M1,M2) are obtained as (−MR,MR) corresponding to degenerate neutrinos with opposite
CP parities. The negative sign in the mass eigenvalues can be absorbed in the phases of the diagonalizing matrix UR
giving,
UR =
1√
2
(
i 1
−i 1
)
. (11)
5ǫ and ǫ′, which characterize the non-unitarity, are given by
ǫ = m′†D
(
M−1
)∗
M−1m′D,
ǫ′ = M−1m′Dm
′†
D
(
M−1
)∗
. (12)
Since Eq.(6) is in the standard seesaw form it is straightforward to obtain the light neutrino mass matrix
mlight = m
′T
DM
−1m′D, (13)
in the limit MR >> mD,mS . Now inserting the expression for m
′
D, the light neutrino mass matrix is the same as that
in Eq. (4). Note that the complete mass matrix for the minimal model has 7 phases out of which 5 can be rotated
away by redefinition of the fields. Thus there are 2 independent phases in this matrix. We choose the basis in which
MR is real and attach the phases to the elements of Yν and Ys. Since Mν for this case is of rank 4, there is one zero
eigenvalue. Thus one of the light neutrino states is massless and the two remaining masses are completely determined
in terms of the two mass squared differences measured in oscillation experiments.
It is very interesting to note that mlight for this case is determined in terms of two independent vectors
Yν ≡ yν aˆ; YS ≡ ysbˆ (14)
where aˆ and bˆ are complex vectors with unit norm. yν and ys are the norms of the Yukawa matrices Yν and YS ,
respectively. This feature allows one to completely reconstruct the Yukawa matrices Yν and YS in terms of the
oscillation parameters as [42],
• Normal Hierarchy (NH): (m1 < m2 < m3)∗
Yν =
yν√
2
(√
1 + ρ U †3 + e
ipi
2
√
1− ρ U †2
)
YS =
ys√
2
(√
1 + ρ U †3 − ei
pi
2
√
1− ρ U †2
)
(15)
with
ρ =
√
1 + r −√r√
1 + r +
√
r
. (16)
Ui’s are the columns of the unitary matrix U that diagonalizes the light neutrino mass matrix (mlight) above
and r is the ratio of the solar and atmospheric mass squared differences
r =
∆m2⊙
∆m2atm
. (17)
• Inverted Hierarchy (IH): (m3 << m2 ≈ m1)
Yν =
yν√
2
(√
1 + ρ U †2 + e
ipi
2
√
1− ρ U †1
)
YS =
ys√
2
(√
1 + ρ U †2 − ei
pi
2
√
1− ρ U †1
)
(18)
with
ρ =
√
1 + r − 1√
1 + r + 1
. (19)
∗ The phase factor, ei
pi
2 , is inserted to ensure the positive definiteness of the mass eigen values.
6TABLE I: Present 3σ range of neutrino oscillation parameters. The upper (lower) row corresponds to normal (inverted)
hierarchy. Values of ∆m221 and sin
2 θ12 are hierarchy independent [49].
Parameters 3σ range
∆m2⊙ [10
−5 eV2] 7.12 – 8.20
∆m2atm [10
−3 eV2] 2.31 – 2.74
2.21 – 2.64
sin2 θ12 0.27 – 0.37
sin2 θ23 0.36 – 0.68
0.37 – 0.67
sin2 θ13 0.017 – 0.033
δ 0 – 2pi
We use the following form for U
U =

 c12 c13 s12 c13 s13 e
−iδ
−c23 s12 − s23 s13 c12 eiδ c23 c12 − s23 s13 s12 eiδ s23 c13
s23 s12 − c23 s13 c12 eiδ −s23 c12 − c23 s13 s12 eiδ c23 c13

P , (20)
where cij = cos θij , sij = sin θij , δ is the Dirac CP phase. For the Majorana phase matrix P , we use
P = diag(e−iα, eiα, 1). Note that in this case since one of the mass eigenvalues is zero there is only one Majorana
phase. The 3σ ranges of the oscillation parameters are tabulated in Table I [49].
From the above forms of the Yukawa matrices it is evident that these are completely determined in terms of the
masses and mixing angles, two unknown phases and the norms of the Yukawa couplings yν and ys.
The minimal Type-I seesaw model also consists of three left-handed and two gauge singlet right-handed neutrinos
[50–53]. However both the right-handed neutrinos are assumed to have the same lepton number. Thus both have
lepton number conserving Dirac type coupling with the light state. In order to have the right-handed neutrinos of
this model at TeV scale one needs to have small values of the Dirac coupling Yν ∼ 10−6 unless one allows for fine
tuning leading to mDM
−1
R m
T
D = 0 [10–12]. Since this coupling is not lepton number violating, its smallness cannot
be explained naturally. Also for such small values of the coupling, collider signals would be suppressed even though
the mass of the right-handed neutrino is at TeV scale.
III. VACUUM STABILITY AND METASTABILITY OF THE HIGGS POTENTIAL
A. Higgs mass and Vacuum stability and Metastability in SM
The tree-level potential of the Higgs field in the Standard Model(SM) is given as
V (φ) = λ
(
φ†φ
)2 −m2φ†φ. (21)
This receives quantum corrections from higher order loop diagrams. The physical Higgs mass is defined asm2h = 2λv
2.
Since the Higgs quartic coupling, λ, receives quantum corrections from higher order loop diagrams, it runs with the
renormalization scale. The Renormalization Group (RG) equation for the Higgs quartic coupling λ can be expressed
in general as
µ
dλ
dµ
=
∑
i
βλ
(i)
(16π2)i
, (22)
7where i denotes the ith loop. Assuming SM to be valid up to Planck scale the β function calculated up to 1 loop is
given as,
β
(1)
λ = 24λ
2 − (9
5
g21 + 9g
2
2)λ+
27
200
g41 +
9
20
g21g
2
2 +
9
8
g22 + 4Tλ− 2Y, (23)
where,
T = Tr
[
3Yu
†Yu + 3Yd
†Yd + Yl
†Yl
]
, (24)
Y = Tr
[
3(Yu
†Yu)
2 + 3(Yd
†Yd)
2 + (Yl
†Yl)
2
]
. (25)
In the above equations, gi denote the gauge coupling constants with i = 1, 2, 3 corresponding to U(1), SU(2) and
SU(3) groups respectively. The above equations include the Grand Unified Theory (GUT) modified coupling for the
U(1) gauge group. Yf with f = u, d, l represent the Yukawa coupling matrices for the up type, down type quarks and
the charged leptons. The running behavior is controlled mainly by the top quark mass mt which drives λ towards
more negative values in the low Higgs mass region. The running of the top Yukawa is governed by the following
equations
β
(1)
Yu
= Yu
[
3
2
Yu
†Yu +
3
2
Yd
†Yd + T −
(
17
20
g21 +
9
4
g22 + 8g
2
3
)]
. (26)
In the numerical work we have used three loop Renormalization Group Equations (RGE) for λ, the top Yukawa
and the gauge couplings[54–60]. Considering the two loop effective potential for the Higgs field, the stability of the
electroweak vacuum at MPl demands λ˜ = 0 at Mpl, where λ˜ is the two loop corrected self coupling defined as [61, 62]
λ˜ = λ− 1
32π2
[
3
8
(
g21 + g
2
2
)2(1
3
− log
(
g21 + g
2
2
)
4
)
+ 6y4t
(
log
y2t
2
− 1
)
+
3
4
g42
(
1
3
− logg
2
2
4
)]
+
Y 4t
(16π2)2
[
g23
{
24
(
ln
Y2t
2
)2
− 64 ln Y
2
t
2
+ 72
}
− 3
2
Y 2t
{
3
(
ln
Y2t
2
)2
− 16 ln Y
2
t
2
+ 23 +
π2
3
}]
. (27)
As discussed earlier the constraints from vacuum stability and perturbativity limits Higgs mass in the range 126-171
GeV. Therefore if the scalar particle observed by the CMS [1] and ATLAS [2] collaboration is assumed to be the Higgs
Boson then the reported mass is near the lower bound (upper bound) obtained from vacuum stability (metastability)
condition. In the left panels of Fig. 1, we plot the running of λ˜ as a function of the renormalization scale for illustrative
values of Higgs mass (mh), top mass (mt) and strong coupling constant (αs = g
2
3/4π). The running of λ is also given
in the same figure for comparison. The allowed range of values of mt (173.2± 0.9 GeV) is taken from [63] and that
of αs (0.1184± 0.0007) is taken from [64]. The Higgs mass has been varied between 125− 126 GeV [65].
We have included the corrections to incorporate the mismatch between the top pole mass and MS renormalized
coupling. This is given as [33],
yt(mt) =
√
2mt
v
(1 + δt(mt)) (28)
δt(mt) denotes the matching correction at top pole mass. We include the QCD corrections up to three loops [66] while
electroweak corrections are taken up to 1 loop [67, 68]. We have also included O(ααs) correction to the matching of
top Yukawa and top pole mass [30, 69]. This correction is comparable to QCD correction.
Suitable matching corrections for MS renormalized λ and the Higgs mass at µ = mt has been taken up to two
loops [34, 70]. The threshold effect due to the top mass is included. The plots corroborate the fact that for lower
values of Higgs mass in the range reported by ATLAS and CMS, the stability of the vacuum till the Planck scale is
highly restrictive [34]. However as demonstrated in the plots, λ˜ (Mpl) is not too negative. In this region the potential
develops a new minimum from which the transition probability through quantum tunneling is not large enough and
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FIG. 1: The left panels show the variation of λ and λ˜ with the renormalization scale for fixed values of the parameters
(mh ,mt , αs). The upper, middle and lower curves are drawn with the set of parameters (mt, αs)={(172.3GeV , 0.1191),
(173.2GeV , 0.1184), (174.1GeV , 0.1177)} respectively. The right panels show the changes after including the Dirac Yukawa
coupling parameter yν .
consequently the life time of the vacuum remains higher than the age of the universe. This implies that the vacuum
is metastable. The tunneling probability (at zero temperature) is given by [35, 36]
p = max
µ<Λ
VUµ
4 exp
(
− 8π
2
3|λ(µ)|
)
, (29)
Λ is the cutoff scale. VU is volume of the past light-cone which is taken as τ
4 where τ is the age of the universe.
τ = 4.35× 1017 sec [71]. The metastability condition implies p < 1 which can be translated to a lower bound on λ as
follows
|λ| < λmaxmeta =
8π2
3
1
4 ln (τµ)
. (30)
This is shown in Fig. 1 as a slanting line dividing the metastability and the instability region.
B. Vacuum Stability and Metastability in the Minimal Linear Seesaw Model
In presence of extra singlets the one loop effective potential of the Higgs field gets an extra contribution from
the neutrinos [72]. Generalizing the expression in [72] for multi-generation case the additional part of the effective
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FIG. 2: Effect of the contribution from the gauge part, top and neutrinos to the effective coupling λ˜
potential Vν can be expressed as,
Vν (φcl) = −
(
1
2 φ
2
cl
(
Y †Y
)
ii
)2
32 π2
[
log
(
1
2 φ
2
cl
(
Y †Y
)
ii
µ2
)
− 3
2
]
−
(
1
2 φ
2
cl
(
Y Y †
)
jj
)2
32 π2
[
log
(
1
2 φ
2
cl
(
Y Y †
)
jj
µ2
)
− 3
2
]
(31)
where φcl denotes the classical value of the Higgs field. This is obtained in the limit φcl >> the mass of the singlet
field. Y denotes the n × 3 Yukawa coupling matrix. Note that the above equation is in the diagonal basis for Y †Y
and Y Y †. The first contribution in the above expression comes from the light neutrinos (i = 1, 2, 3) while the second
one comes from the heavy neutrinos (j = 1, ..., n) for n heavy neutrinos. This gives rise to an additional contribution
(at 1-loop) towards the effective self coupling λ˜
λ˜ν = − 1
32 π2
[((
Y †Y
)
jj
)2(
ln
(
Y †Y
)
jj
2
− 1
)
+
((
Y Y †
)
jj
)2(
ln
(
Y Y †
)
jj
2
− 1
)]
(32)
This is to be added to the right hand side of Eq. 27. In our case, Y = Y ′ν =
√
2m′D/v, n = 2, (Y
†Y )dia ≈ Dia(0, 0, y2ν)
and (Y Y †)dia ≈ Dia(0, y2ν) in the limit of ys << yν .
The presence of the singlet fields also modify the SM Renormalization Group Equations (RGEs) for the Yukawa
couplings and the Higgs self coupling, for energies higher than the mass of the singlets. Including the corrections due
to the neutrino Yukawa couplings up to one loop, the modified β function governing the running of λ is given as,
β′
(1)
λ = β
(1)
λ + 4Tr(Yν
′†Y ′ν)λ− 2Tr[(Yν ′†Y ′ν)2], (33)
where Y ′Tν =
(
Y Tν , Y
T
S
)
. The one loop β functions corresponding to the Yukawa couplings Yu, Yd and Yl also acquire
additional factors containing Yν
′†Y ′ν [73]. Finally, one needs to include the RG running of the coupling Y
′
ν which is
governed by the following equation:
16π2µ
dY ′ν
dµ
= Y ′ν
[
3
2
Yν
′†Y ′ν −
3
2
Yl
†Yl + T − 9
20
g21 −
9
4
g22
]
. (34)
In this case the quantity T is defined as,
T = Tr
[
3Yu
†Yu + 3Yd
†Yd + Yl
†Yl + Yν
′†Y ′ν
]
. (35)
RG equation for neutrino Yukawa coupling is taken up to one loop [73].
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The Y ′ν dependence of the beta function of λ is in terms of Tr
[
Yν
′†Y ′ν
]
and Tr
[
(Yν
′†Y ′ν)
2
]
only. From the parame-
terization of Yν and YS , we find
Tr
[
Yν
′†Y ′ν
]
= y2ν + y
2
s ≃ y2ν ,
Tr
[
Yν
′†Y ′νYν
′†Y ′ν
]
= y4ν + 2y
2
νy
2
sρ
2 + y4s ≃ y4ν , (36)
since ys << yν . The exact equalities in the above expressions are also valid even without the parameterization of
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Eq. (15,18). However ρ remains undetermined. Also, in this case the smallness of ys makes the trace terms to be
dependent only on yν and hence βλ depends on only one unknown parameter (i.e. yν ). Also we can see from Eq. (36)
that the trace terms do not depend on the neutrino oscillation parameters. In addition, under the approximation of
ys << yν , there is no dependence on mass hierarchy as well (only ρ depends on hierarchy).
In Fig. 1 we show the effect of inclusion of this term on the running of λ. As expected, λ˜ becomes more negative
near Planck scale in presence of the seesaw term. The figures are obtained including the heavy neutrino contribution
to the effective potential.
In Fig. 2 we explicitly display the effect of inclusion of the neutrino contribution in the effective potential. The left
panel is for yν = 0.2 and the right panel is for yν = 0.4. The solid-red curve shows the self-coupling λ. Comparing
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the two plots for this in the two panels we see that the higher value of yν makes λ more negative in the right panel.
The dashed-green curve shows the evolution of the effective self-coupling due to the contribution of the gauge fields
while the small-dashed-blue curve shows the effect of inclusion of the contribution from the top quarks. We see that
since in the expression of effective coupling the gauge contribution and top contribution come with opposite signs,
these terms drive λ˜ in opposite directions. While the gauge-contribution makes the effective λ more negative, the top
contribution makes it more positive. The dot-dashed-cyan lines show the contributions from the neutrino. This effect
goes in the same direction as the top contribution. The effect is found to be very small for yν = 0.2. However for
larger values of yν the effect can be non-negligible as can be seen from the right panel for yν = 0.4.
In Fig. 3 we give the plot of the allowed region of yν as a function of the Higgs mass for fixed values of top mass
and the strong coupling constant. The slanting lines are obtained by imposing the condition given in Eq. (30). yν = 0
corresponds to the SM. The first panel is for mt = 172.3 GeV. For this value of top mass and αs = 0.1191, only a tiny
parameter space is allowed through the stability condition (i.e. λ˜(Mpl) ≥ 0). Inclusion of the neutrino contribution
to the effective potential, shown by the dashed-green lines, does not have any discernible effect on the stability bound
of λ˜ for the values of yν concerned. However metastability bound changes by ∼ 1% as is visible from the figure. The
solid-red line is the metastability bound with λ. The dashed-green line is with λ˜ including the neutrino effect. All
other metastability bounds including the dashed-blue one in this figure are plotted for λ˜ including the neutrino effect.
Inclusion of heavy neutrino contribution in λ˜ changes the bound on yν ≤ 0.483 as opposed to yν ≤ 0.477 obtained
without including the neutrino Yukawa term. The 2nd panel corresponds to a higher value of mt = 174.1 GeV. In this
case we obtain the upper bound yν <∼ 0.45 depending on the value of αs. This bound is obtained for a Higgs mass of
126 GeV. For lower values of Higgs mass, the allowed yν values are correspondingly lower.
Fig. 4 shows the variation of yν with mt for fixed values of Higgs mass. Fig. 5 show the variation of yν with αs.
In general, slightly larger allowed regions are obtained for higher values of Higgs mass, lower values of top mass and
higher values of αs. From the above figures we can have an overall upper bound on the value of yν as
yν <∼ 0.48. (37)
The metastability condition is imposed on the value of λ˜ by replacing λ with λ˜ in Eq. (30).
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The above plots are obtained by keeping MR fixed at 1 TeV. In Fig. 6 we show how the upper bound on yν depends
on the scale of MR.
We see that variation of MR within a few TeV (which is our range of current interest) would not change the
bound on yν drastically. In fact this trend continues even if MR is increased to higher values. At MR = 10
12 GeV,
the upper bound on yν obtained is, yν <∼ 0.67. Note that the limits on neutrino mass squared differences from
oscillation experiments constraint the product of yν and ys as yνys ≈ MR
√
∆m2atm/v
2 for both hierarchies in the
limit ∆m2⊙/∆m
2
atm << 1. Thus, for higher values of MR, ys needs to be increased to keep the neutrino mass in the
12
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FIG. 6: The left-panel shows the upper bound on yν as a function of the right-handed neutrino mass from the consideration
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and absolute stability
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. For absolute stability there is only one line corresponding
to (mt, αs) = (172.3GeV, 0.1191) as for other set of parameters no allowed region is available.
desired range. Beyond 1012 GeV the contribution from the ys term starts getting significant and hence this needs to
be included in the RG evolution.
IV. NON-UNITARITY OF NEUTRINO MIXING MATRIX AND LEPTON FLAVOR VIOLATION
The mechanism of neutrino oscillation has already indicated that there is flavor violation in the lepton sector. The
question arises if there can be flavor violating decays in the charged lepton sector. In typical Seesaw models this rate
is very small because of the smallness of the light-heavy mixing. However in TeV scale seesaw models, since lepton
number violation (LNV) is separated from the scale of lepton flavor violation (LFV), this may not be the case [74].
It is well known that LNV is due to the dimension 5 operator whereas the LFV can be related to the dimension 6
operator. In general, the flavor structure of the coupling strengths of these operators are not correlated. However,
in MLSM such a relation can be established from the hypothesis of minimal flavor violation [75]. In this model, the
mass and gauge eigenstates are related as, (
νL ν
c
)
= U
(
νL
′ νc′
)
(38)
where,
νc =
(
N cR S
c
)
. (39)
The leptonic part of the charged current interaction in the gauge basis is given as ,
LCC = g√
2
∑
α=e,µ,τ
ℓαL γµναLW
µ + h.c. (40)
This can be expressed in the mass basis as,
LCC = g√
2
∑
α=e,µ,τ
3∑
i=1
2∑
j=1
[
ℓ′αL γµ U
†
l {(UL)αiν′Li + (V )αjN cRj}Wµ
]
+ h.c. (41)
The PMNS matrix is defined as
UPMNS = U
†
l
(
1− 1
2
ǫ
)
U (42)
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TABLE II: Various experimental constraints from charged lepton flavor violating decays [76].
Branching Ratios Experimental constraints
Br(µ→ eγ) < 5.7× 10−13
Br(τ → eγ) < 3.3× 10−8
Br(τ → µγ) < 4.4× 10−8
Br(µ→ 3e) < 1.0× 10−12
Br(τ → 3e) < 2.7× 10−8
Br(τ → 3µ) < 2.1× 10−8
Br(τ → eµµ) < 1.7× 10−8
Br(τ → eeµ) < 1.5× 10−8
where Ul is the unitary matrix which takes the left-handed charged lepton fields to their mass basis and other quantities
are defined earlier. As we are working in a basis, where charged lepton mass matrix is diagonal, Ul is being taken as
unity. We note that UPMNS is non-unitary and the correction to unitarity is proportional to ǫ/2.
In this section we consider the branching ratios of LFV decays in MLSM. In view of the recent measurement of
θ13 the branching ratios now can be studied in terms of the CP phases. In addition, from the experimental upper
limits on LFV processes one can obtain constraints on the parameter yν/MR as a function of the CP phases. When
combined with the upper bound on yν from vacuum (meta)stability as a function of MR, the parameter space can
be further constrained. Table II lists the experimental constraints coming from the charged lepton flavor violating
decays [76].
Nevertheless, in this section we will concentrate only on the constraints coming from Br(µ → eγ) since this is the
most constraining as can be seen from Table II.
Branching ratio for the process, µ→ eγ is given by [77]
Br (µ→ eγ) = 3α
8π
∣∣∣VeiV †iµf(x)∣∣∣2 , (43)
where, x =
(
M2
i
m2
W
)
and
f(x) =
x
(
1− 6x+ 3x2 + 2x3 − 6x2lnx)
2(1− x)4 . (44)
f(x) is a slowly varying function of x ranging from 0 to 1 for x between 0 to infinity. The light-heavy mixing matrix
V is defined in Eq. (9). The current experimental constraint on this is [78] (see, table II)
Br (µ→ eγ) < 5.7× 10−13. (45)
Using the parameterization of Yν and YS in Eq.(15) and (18), we obtain, for normal hierarchy
Br (µ→ eγ) = 3α
8π
y4νv
4
4M4R
f2(x)
(√
r s212 + 2 r
(1/4) s13 s12 s(α+δ) + r
(3/4) c23 s12 s212 sα/s23
)
s223
+ O (ys, (√r, s13)2) . (46)
In the above expressions and in subsequent part, we have used the following notations
sij = sinθij , cij = cosθij , sα+δ = sin(α+ δ), sδ = sin δ, sδ = sin δ
s2ij = sin2θij , c2ij = cos2θij , c2α = cos2α, s2α = sin2α etc. (47)
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FIG. 7: The upper panels show the allowed regions of yν/MR vs the CP phases α and δ for NH while the lower panels are
for IH. The area below each curve is consistent with the experimental upper bound on the rate of µ → eγ. The two lines of
the same type (color) correspond to the maximum and minimum value of the upper bound obtained by varying the oscillation
parameters over their 3σ range.
The above equation in conjunction to the upper bound on the Br(µ → eγ) can be used to put an upper bound on
yν/MR as,
yν/MR <
[
5.7× 10−11
3αv4f2(x)GNH(r, θij , α, δ)
]1/4
. (48)
Here, the factor GNH(r, θij , α, δ) contains the oscillation parameters. The upper bound on yν/MR varies in a range
depending on the values of the CP phases. The minimum value of the upper bound occurs at α + δ = pi2 while the
maximum occurs at α + δ = 3pi2 . This is reflected in the top panels in Fig. 7 where we display the allowed values
of yν/MR as a function of the CP phases
†. The left most panel displays the variation of the upper bound in yν/MR
as a function of the Majorana phase α. The solid(red) line corresponds to the Dirac phase δ = 0 while the dashed
(blue) line is for δ = π. The other oscillation parameters are marginalized over the 3σ range in Table 1 to give the
maximum and minimum value of the upper bound on yν/MR. From the figure it can be inferred that the maximum
value of the upper bound on yν/MR is
yν/MR <∼ 0.00024(GeV−1), (49)
† In this plot we have taken f(x) to be unity. For MR = 200 GeV, there will be a multiplicative factor ∼ 1.3. As MR increases, this
factor tends to become unity. In Fig. 8, we have included the exact value of f(x) at each MR.
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FIG. 8: The allowed regions of ymaxν as a function of MR from the combined constraints of Br(µ → eγ) and vacuum
(meta)stability. The area to the right of the curved lines are allowed from experimental bound on Br(µ → eγ) while the
area below the slanting lines are allowed from the constraint on vacuum (meta)stability.
which occurs for δ = 0 and α = 3pi2 for NH.
For IH, the branching ratio can be expressed as,
Br (µ→ eγ) = 3α
8π
y4νv
4
4M4R
f2
(
M2R
m2W
)
1
4
c23 (1− s2αs212) [c23 (1 + s2αs212) (1− s13) + 2 (s2αcδc212 − c2αsδ) s13s23]
+O (ys, (√r, s13)2) . (50)
From this one can again get an upper bound on yν/MR. This is displayed in the lower panels in Fig. 7. As in the
case of NH, the value of the upper bound depends on the CP phases. The maximum allowed value in this case is
yν/MR <∼ 0.36(GeV−1), (51)
which occurs for δ = 0, α = 3pi4 as can be seen from the figure. The lines of same line type (color) corresponds to the
upper bounds including the uncertainties in the masses and mixing parameters.
The maximum value of yν/MR as obtained above can be used to retrieve the maximum value of yν for each MR.
This is shown in Fig. 8. Note that while extracting the bound on yν for a particular MR from the figure one has to be
careful to ensure that the perturbativity bound on yν (<∼ 1) is not violated. We also superimpose the bounds obtained
from consideration of vacuum (meta)stability in this figure. The area to the left of the shaded bands is disallowed
from the constraint on the branching ratio µ → eγ. These bands are obtained for fixed values of the CP phases
(δ, α). The band for each combination of CP phase is obtained by varying the oscillation parameters in their current
3σ range. The area below the slanting lines are allowed from the constraint on vacuum (meta)stability. The figure
shows that the constraints from Br(µ→ eγ) can sometimes further constrain the value of yν as obtained from vacuum
metastability. For instance, for MR = 200 GeV and NH, the constraint from Br(µ → eγ) restricts yν to be ≤ 0.07
for values of CP phases (δ, α) =
(
0, 3 pi2
)
. For (δ, α) = (0, pi2 ) the maximum allowed value of yν is lower. For other
combinations of CP phases the bands lie anywhere inside or between the two shaded regions. Thus if we consider
all possible values of CP phases then only the region marked disallowed is not compatible with the constraints from
Br(µ→ eγ) for NH though it was consistent with vacuum metastability constraints. The vacuum stability constraints,
on the other hand, are stronger than those obtained from Br(µ→ eγ).
For IH and (δ, α) =
(
0, 3pi4
)
, the hatched region extends all the way up to MR = 200 GeV and there is no significant
constraint from µ → eγ given the present uncertainty on the neutrino oscillation parameters. Nevertheless for the
green hatched region corresponding to (δ, α) = (0, 0), the region to its left is disfavored and ymaxν is constrained
to lower values as compared to the bound from vacuum (meta)stability up to a certain value of MR. However, if
we consider all possible values of CP phases then we can conclude that, given the present uncertainty of oscillation
16
parameters and the CP phases, the vacuum (meta) stability bound on (yν)max is stronger that that obtained from
Br(µ→ eγ) for IH.
We note in passing that in this type of models the Higgs boson can decay to two neutrinos of which one is heavy
and the other one is a light neutrino, as long as the heavy neutrino is lighter than the Higgs boson. This has been
studied in the context of inverse seesaw models and put constraints on the Yukawa coupling yν to be yν <∼ 0.02 for
MR <∼ 120 GeV from the experimental data on the channel h → WW ∗ → ℓℓνν [19, 79]. For larger masses of the
heavy neutrino current Higgs searches do not provide any constraint on the parameter space.
On the other hand, the search for heavy singlet neutrinos at LEP by the L3 collaboration in the decay channel
N → eW showed no evidence of such a singlet neutrino in the mass range between 80 GeV (|Vαi|2 <∼ 2×10−3) and 205
GeV (|Vαi|2 <∼ 1) [80]. Vαi is the mixing parameter between the heavy and light neutrino. Heavy singlet neutrinos in
the mass range from 3 GeV up to the Z-boson mass (mZ) has also been excluded by LEP experiments from Z-boson
decay up to |Vαi|2 ∼ 10−5 [81–83]. In the light of these experimental observations we have chosen the parameter MR
to be greater than or equal to 200 GeV in this study.
V. 0νββ DECAY
The half life for neutrino-less double beta decay in presence of heavy singlets is given by [84, 85],
T−1(1/2) = G
|Mν |2
m2e
∣∣∣∣U2Le i mi+ < p2 > V 2e iMi
∣∣∣∣
2
, (52)
where < p2 > is given by [86]
< p2 >= −mempMNMν . (53)
Mν and MN denote the nuclear matrix elements corresponding to light and heavy neutrino exchange respectively.
The values of the parameters are taken as [84] G = 7.93× 10−15 yr−1, < p2 >= −(182 MeV)2.
The first term in Eq. (52) is the usual contribution from the left-handed neutrinos. The second term denotes the
contribution of the singlet neutrinos. The matrix V is defined in Eq. (9). Taking the most general form of the matrix
m′D as
m′D =
(
md1 md2 md3
ms1 ms2 ms3
)
, (54)
and UR and M as defined in Eq. (11) and (7) respectively, we obtain,
Ve1 =
i√
2 MR
(m∗s1 −m∗d1), Ve2 =
1√
2 MR
(m∗s1 +m
∗
d1). (55)
Then the contribution from the heavy part is 2 < p2 > m∗s1m
∗
d1/M
3
R ∼ 10−8mi. Thus this contribution is negligible
as compared to the contribution from the light sector which is ∼ mi.
Therefore, 0νββ is due to the light neutrinos only and the effective mass is defined as
mee =
∣∣U2Le i mi∣∣ . (56)
Since in this case the lightest mass is zero one can plot the conventional plots of effective mass as a function of the
unknown CP phases for both hierarchies.
For NH the effective mass mee in the limit of the smallest mass m1 → 0 is given as,
|mee|NH =
√
∆m2atm
∣∣√rs212c213e2iα + s213e−2iδ∣∣ . (57)
The maximum is obtained for (α, δ) = (0, 0) or (π/2, π/2) while the minimum occurs for (α, δ) = (0, π/2) or (π/2, 0).
This is reflected in Fig. 9 by the dark (red) shaded curve which represents the effective mass governing 0νββ as a
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FIG. 9: The effective mass governing 0νββ as a function of the Majorana phase α for NH (dark (red) shaded curve) and IH
(light (blue) shaded curve). The left panel is for δ = 0 while the right panel is for δ = pi/2.
function of the Majorana phase α. The shaded portion is due to the 3σ uncertainty in the oscillation parameters
that appear in the expression of effective mass. The left panel is for δ = 0 and the right panel is for δ = π/2. The
cancellation condition is
√
r sin2θ12 = tan
2 θ13, (58)
which is not satisfied for the current 3σ ranges of parameters and therefore the effective mass does not vanish, which
is also seen from the figure. For IH the smallest mass is m3 which is zero in this model and the effective mass is
|mee|IH =
√
∆m2atm(c
2
12c
2
13e
−2iα + s212c
2
13e
2iα). (59)
For IH the effective mass is independent of the Dirac phase δ. The maximum of |mee| occurs for α = 0, π/2, π and
the corresponding expression is,
|mee|max = c213
√
∆m2atm. (60)
The minimum value is obtained for α = π/4, 3π/4 as,
|mee|min = c213cos 2θ12
√
∆m2atm. (61)
This is seen from Fig. 9 by the light (blue) shaded curve. mee for IH is in the range accessible to future neutrinoless
double beta decay experiments.
VI. COLLIDER SIGNATURES
As mentioned earlier, if the heavy singlet neutrinos have mass less than the Higgs boson mass, then the Higgs boson
can have new decay modes [19]. For example, the Higgs boson can decay into h → ν¯N . Now, the singlet neutrinos
can decay into lW and νZ through the mixing between the heavy neutrinos and the light active neutrinos. At the
LHC this will lead to final states such as pp → h → ℓ+ℓ− + ET/ , where ℓ = e, µ. Note that these final states will
depend on the Yukawa couplings and one can put bounds on these Yukawa couplings from the existing LHC data on
these types of final states [19].
We have considered the singlet neutrino to be heavier than the Higgs boson. In this case one has to look at the
3-body decay modes of the Higgs boson through the virtual heavy neutrino to have similar final states. Obviously, in
this case the constraints on the Yukawa couplings will be much less restrictive. In our model we have obtained upper
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bound on the Yukawa couplings yν from the vacuum stability condition and this can be used to test our model at the
LHC by looking at the dilepton plus missing ET final states.
One can also have trilepton plus missing ET final states at the LHC from the production of these heavy neutrinos
[20]. For example, at the LHC the heavy neutrinos can be produced through the s-channel W± exchange: ud¯→ ℓ+N
or ud¯ → ℓ+S. N or S can again decay into lW and νZ through ν −N or ν − S mixing. This will lead to trilepton
plus missing ET final states at the LHC. Now, the trilepton plus ET/ signal is a very clean signal for looking at physics
beyond the standard model. In our model, the trilepton final states depend once again on the Yukawa couplings of our
model. Using the upper bound on yν obtained from vacuum (meta)stability condition, it would be possible to study
the present model at the LHC through the trilepton channel. Note that in this model the lepton number violating
like-sign di-lepton signal will be suppressed at the colliders because of smallness of ys.
VII. CONCLUSION
In this paper we consider the phenomenology of the minimal linear seesaw model consisting of three left-handed
neutrinos and two singlet fields. The two singlet fields have opposite lepton numbers. Smallness of neutrino mass is
ensured in this model by the tiny lepton number violating coupling (ys) of one of the singlets with the left-handed
neutrinos. Thus, the masses (MR) of the heavy singlet neutrinos can be at the TeV scale even with the Dirac type
coupling (yν) between the other singlet and the heavy state of O(1). This permits appreciable light-heavy mixing in
the model which can have interesting phenomenological consequences. The model predicts one massless neutrino and
hence there is only one Majorana phase. The great advantage of this model is that the Yukawa matrices can be fully
reconstructed in terms of the oscillation parameters apart from the overall coupling strengths yν and ys.
The presence of the coupling yν in seesaw models tends to destabilize the vacuum further as compared to the
SM. This allows one to constrain the coupling strength yν from consideration of vacuum (meta)stability. Since the
absolute stability of the electroweak vacuum is already severely restricted by the present value of the Higgs mass,
this puts a very stringent constraint: yν <∼ 0.07 in a limited region of the parameter space. On the other hand,
we show that consideration of the metastability allows one to constrain the coupling strength yν as yν <∼ 0.48 for
200 GeV <∼ MR <∼ 1 TeV. Both these bounds depend on the value of the strong coupling constant (αs), the top quark
mass (mt) and the Higgs boson mass (mh). Our analysis includes the effect of neutrino correction to the effective
potential at the one loop level.
Bounds on yν/MR can be obtained as a function of the CP phases α and δ from experimental constraints on
lepton flavor violating processes. Combined constraints from vacuum (meta)stability and the lepton flavor violating
process µ → eγ rule out a significant portion of the parameter space in the (yν–MR) plane for NH for masses of
MR <∼ (200 − 2000) GeV depending on the values of the other parameters. On the other hand, contribution of
the singlet neutrinos to the neutrinoless double beta decay process is insignificant. The model predicts interesting
signatures at the LHC and can be tested using the present and future data. However, a complete collider study merits
a separate analysis.
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